A symmetry-adapted perturbation theory (SAPT) is formulated for interaction-induced electrical properties of weakly bound complexes. Asymptotic (large R) expressions are reported for the contributions to the collision-induced dipole moments and polarizabilities up to and including second order in the intermolecular potential. These long-range expressions require knowledge only of the multipole moments and (hyper)polarizabilities of the isolated monomers. 
Introduction
During a collision between two molecules the intermolecular interaction leads to distortions of their charge distributions, so that a collisional complex may possess a dipole m oment and polarizability in excess of the sum of these properties of the isolated molecules. These excess properties, referred to as the interaction-induced or collision-induced dipole moment and polarizability are de® ned as incremental parts of the properties of the complex A± B due to interm olecular interactions.
The interaction-induced dipole m oments and polarizabilities are responsible for a wide range of dielectric, refractive, and optical properties of gases and¯uids [1, 2] . In pioneering studies Crawford et al. [3] and Chisholm and W elsh [4] have shown that during a collision of a helium atom with a hydrogen molecule the complex becomes temporarily infrared-active because of its relative translational motions, so that absorption and em ission bands can be observed. M uch work has been done on the m easurements of these collision-induced spectra ; see, for instance, a recent m onograph by Fromm hold [5] for an interview review.
Levine and Birnbaum [6] predicted that all Ram an spectra of gases should have a component caused by collision-induced changes in the polarizabilities. Indeed, it was demonstrated ® rst by M cTague and Birnbaum [7, 8] that colliding argon atoms undergo transitions between translational states when interacting with photons. These transitions are due exclusively to the collision-induced light scattering, i.e., to interaction-induced¯uctuations of the polarizabilities of the atoms and m olecules. Since the early work on argon, collision-induced light scattering has been studied experimentally in several optically isotropic systems (see [9] for a review).
Despite the growing body of experim ental work on collision-induced absorption and light scattering, not m any numerical studies have been devoted to the m echanism s that yield the collision-induced properties themselves. M ost ab initio calculations were limited to the Hartree± Fock level (see, e.g. [10] and [11] ). In a series of papers M eyer and Frommhold [12± 18] have shown that dipole moment contributions from intramonomer and interm onomer electronic correlation are both substantial. A t present, superm olecular results from correlated ab initio calculations are availa ble for a limited numbers of systems : dipole mom ents of He± H [12] , He± Ar [13] , He± FÕ and H e± ClÕ [19] , He± H # [14, 15, 20] , Ar± H # [16] , H # ± H # [17, 18] , and polarizabilities of He # [21± 23], Ne # [24] , H e± FÕ and He± ClÕ [19] , and H e± CH % [25] (see also [26] and [27] for recent reviews), and only a few of these dipole and polarizability surfaces have been applied to generate collision-induced infrared [12, 13, 15± 18, 28] and Ram an spectra [23, 29] .
On the other hand, perturbation theory studies of the interaction± induced properties have been based m ainly on the Rayleigh± Schro$ dinger polarization treatm ent (with neglect of the electron exchange) coupled with the multipole expansion of the intermolecular interaction operator (with neglect, in turn, of charge overlap (dam ping) eOE ects) [30± 42 ] (see also [43± 47] for papers describing com putations of the long-range coe cients for the interaction induced dipole moments and polarizabilities of various dimers). M oreover, the asymptotic expressions derived in the framework of the multipole approxim ation pertain to speci® c systems, and are usually restricted to the leading power of the reciprocal intermolecular distance. Applications of various exchange perturbation theory schemes to interaction-induced properties are scarce, and lim ited to the simplest approximations [ 48± 55] . Consequently, very little is known about the importance of the charge overlap and exchange eOE ects.
Recently, the many-body formulation [56± 63] of the symmetry-adapted perturbation theory (SAPT) of intermolecular interactions [64± 67] has been developed. In this approach all physically im portant contributions to the potential, such as electrostatics, exchange, induction, and dispersion, are identi® ed and computed separately. By m aking a perturbation expansion in the intermolecular interaction as well as in the intram olecular electronic correlation, it is possible to sum the correlation contributions to the diOE erent physical eOE ects only as far as necessary. The SAPT approach does not use the m ultipole expansion [68, 69] , so all charge penetration (dam ping) eOE ects are included autom atically. Since various contributions to the interaction energy show a diOE erent dependence on the intermolecular distance R, they can be ® tted separately, with adjustable and physically interpretable parameters [71, 72] . This method has been applied to determine interaction potentials for the H e± K+ [73] , He± N a+ [74] , Ar± H # [75] , He± H F [76] , H e± C # H # [77] , He± CO [78] , and A r± H F [79] systems (see [80] for a recent review of SAPT theory and applications). In m ost cases, excellent agreem ent is achieved when compared with the accurately determined (sem i)empirical potentials availa ble for these system s. The SAPT potentials have been used to generate the far-and near-infrared spectra of Ar± H # [81] , and the near-infrared spectra of He± HF [82] , He± C # H # [77] , and He± CO [78] . In general, the resulting line positions are in very good agreement with the experimental data (see [83] for a review of dynam ical calculations).
Since the SAPT theory of interm olecular interactions is well developed, it is natural to study its applicability to interaction-induced properties. It is the aim of this paper to report such a study. The plan of this paper is as follows. In section 2 we formulate the symm etry-adapted perturbation theory approach to interaction-induced properties. In section 3 we present open-ended multipole-expanded form ulas for the polarization contributions to the interaction-induced dipole moments and dipole polarizabilities through the second-order of perturbation theory. In section 4 we describe computational details. In section 5 we apply the theory of sections 2 and 3 to the interaction-induced dipole moment of He± H # and the polarizability of He #
. By comparison with full con® guration interaction (FCI) results we study the applicability of the many-body SAPT expansion to interaction-induced dipole mom ents and polarizabilities of model systems. W e discuss the role of various physical contributions to the interaction-induced dipole m oment and polarizability, investigate the validity of the multipole expansion, and study the importance of the charge overlap (dam ping) eOE ects. Finally, in section 6 we present conclusions.
Sym metry-adapted perturbation theory of the interaction-induced properties
The interaction-induced dipole mom ent of a pair of m olecules A and B is given by the diOE erence between the dipole m oment of the com plex A± B and the sum of dipole m oments of the non-interacting molecules A and B,
where l AB i is a Cartesian component of the dipole m oment of the dim er A± B, and l A i and l B i denote components of the dipole moments of the isolated molecules A and B, respectively. Sim ilarly, the interaction-induced polarizability of a pair of molecules A and B is de® ned as the excess polarizability of the collisional pair A± B due to intermolecular interactions, i.e.,
where a AB ij is a Cartesian component of the dimer polarizability tensor, and a A ij and a B ij denote components of the polarizability tensors of the isolated monomers A and B, respectively. Equations (1) and (2) can be rewritten conveniently as
where E int is the interaction energy for the dim er A± B in the presence of a static, uniform electric ® eld F. Equations (3) and (4) show that the interaction-induced dipole m oment and polarizability can be obtained from standard ® nite ® eld calculations, if the ® eld-dependent interaction energy can be computed. In the present paper we have utilized this possibility, i.e., ® rst we performed calculations of the interaction energy in the static electric ® eld using the sym metry-adapted perturbation theory, and subsequently we obtained the interaction-induced dipole mom ents and polarizabilities from ® nite diOE erence formulas. The SAPT approach calculates the interaction energy E int directly, as a sum of physically distinct polarization and exchange contributions, are the exchange contributions in the ® rst and second order in the interm olecular potential, respectively. They can be interpreted physically as an eOE ect of the resonance tunnelling of electrons between the interacting system s. In the second order it is possible to split the exchange term into an induction part and a
represent the eOE ect of the antisym metrization of the ® rst-order induction and dispersion wavefunctions, and can be viewed as a result of the coupling of the electron exchange with the induction and dispersion interaction. In view of equations (3) and (4), the components of the interaction-induced dipole moment and polarizability can be written as,
where the superscripts again indicate the order in the intermolecular potential.
O bviously an nth order contribution to D l i or D a ij is obtained by diOE erentiating once or twice the corresponding contribution of the nth order interaction energy, cf. equation (3)± (5). Equation (6) relates the interaction-induced part of the dipole moment of the complex A± B to the distortion of the electron density associated with the electrostatic, exchange, induction, and dispersion interaction energies of the m onomers in the external electrostatic ® eld. The polarization contributions to the dipole moment through the second order of perturbation theory (D 
) have an appealing, partly classical, partly quantum, physical interpretation, and can be obtained also from the multipole approximation. Basically there are two points of view : the ® nite ® eld approach considers the terms of the interaction energies which are linear in an external ® eld, whereas the perturbation approach considers expectation values of the dimer dipole operator. and E ( # ! )
are the second-order induction [62, 86] and exchangeinduction energies [87] calculated with the inclusion of the coupled H artree± Fock type response of a perturbed system and d E HF int collects all higher-order induction and exchange terms. Equation (10) allows one to incorporate the Hartree± Fock interaction energy E HF int into the expression for E int by replacing in equation (5) the low-order energy contributions, given explicitly in equation (10) , by the Hartree± Fock interaction energy E HF int
. W e used this possibility, and the ® eld-dependent interaction energy computed in this work is de® ned as
In practice, one has to truncate the expansions (8) and (9) . R ecent studies of the convergence of the m any-body perturbation expansions of the electrostatic [59] , exchange [60, 62] , induction [62] , and dispersion [63] energies for weakly bound complexes have shown that the following approximations are su cient to reproduce the interaction energy with an error of a few per cent or less :
The electrostatic corrections E ( " n)
pol,resp
are de® ned as in [59] . The ® rst-order exchange
are de® ned as in [60] and [61] , while D ( " ) exch (CCSD ) is the sum of higher-order terms (in the intramonomer correlation) obtained by replacing the ® rstand second-order cluster operators entering the expression for E ( " # ) exch by the converged coupled-cluster singles and doubles (CCSD) operators [60] . The induction term e ( # # ) ind represents the true correlation contribution to the non-relaxed correction E ( # # ) ind , as de® ned in [62] . The dispersion com ponents
is the so-called Hartree± Fock exchange± dispersion energy [89] .
The multipole expansio n of the interaction-induced electric properties
In this section we will give the asym ptotic (large R) expressions for the electrostatic, induction, and dispersion contributions to the interaction-induced dipole mom ent and polarizability by introducing the multipole expansion of the intermolecular interaction operator through second-order perturbation theory. The great advantage of the m ultipole expansion is that it yields expressions for the interaction-induced properties in which properties only of the free monomers appear. An additional advantage is that the geometry dependence is given explicitly in term s of simple functions. W e shall use the spherical form of the m ultipole expansion since, in contrast to the Cartesian form alism, it gives the orientational dependence of the interaction energy components in closed form . Because the spherical expressions found in the literature [36, 42] pertain to speci® c systems and are usually restricted to the leading powers of the 1} R expansion, we report below open-ended asymptotic formulas for the ® rst-and secondorder contributions to the interaction-induced dipole moment and polarizability. In particular, we show how the electrostatic, induction, and dispersion contributions to these properties can be written solely in terms of the following monom er properties : m ultipole mom ents, polarizabilities and hyperpolarizabilities.
In the derivations of the expressions in this section the monomer properties are initially expressed with respect to an arbitrary space-® xed frame. Since the electric properties are usually calculated or measured with respect to axes ® xed to the m olecule, we then transform from the space-® xed to the body-® xed fram e of either m onomer. The angular mom entum coupling used in all our formulas has the purpose of making this transform ation as simple as possible. All properties on each monomer are coupled to spherical tensors of rank L X , X¯A, B, which transform under the fram e rotation by the use of irreducible W igner rotation m atrices DL X (x X ) [90] . Here x X is a set of three Euler angles of monomer X. These angles describe the rotation of a frame parallel to the space-® xed frame (with its origin in the mass centre of X), so that it coincides with the body-® xed frame X. The geometry dependence of various physical contributions to the interaction induced dipole mom ent and polarizability is thus described by a product of two D m atrices, one for each m onomer, tim es a function depending on the spherical polar coordinates of the vector R pointing from the nuclear centre of m ass of m onomer A to that of monomer B, cf. equation (23) below. W e designate the polar angles of R with respect to a space-® xed fram e by R = (which is a unit vector along R), and its length by R.
The quantity Ql m denotes the monomer expectation value of a com ponent of the m ultipole operator with rank l,
where
is a sum over the particles of the monomer with charge Z i and polar coordinates r i
is a spherical harmonic function norm alized to 4p } (2l 1). Below we consider multipoles belonging to monomer A or B, which will be indicated by a corresponding subscript on the indices. W e will designate a reducible frequencydependent polarizability by a ll
where r nª , n¯0, 1, ¼ are the molecular eigenstates with eigenvalues E n . The
O ften the Clebsch± Gordan coupled product of spherical tensors will also be denoted
, as a binary product between square brackets,
The multipole-expanded expressions for the electrostatic, induction, and dispersion contributions to the interaction-induced dipole m oments and dipole± dipole polarizabilities can be obtained by applying double perturbation theory to the Schro$ dinger equation with the Ham iltonian
where H ! denotes a component of an external homogeneous static electric ® eld. Alternatively, the multipole-expanded formulas can be found by applying equations (3) and (4) to the m ultipole-expanded expressions for
, and E ( # ) disp . Since the ® nal expressions for the interaction-induced properties in the multipole approxim ation are quite involved, we have followed both routes of derivation to check the correctness of our form ulas. The required multipole-expanded expressions for the second-order interaction energies are given in [69] .
, L´we de® ne an irreducible tensorial set of angular expansion functions
W hen we expand a scalar property with l¯m¯0, such as the energy, this expression can be simpli® ed by noting that the product of two Clebsch± Gordan coe cients in the
. (24) W e will, however, work with Clebsch± G ordan coupled angular functions throughout this paper, and also when expanding interaction energies. The energy coe cients of the angular functions in equation (23) for
, and
respectively, where 0 W AB interchanges all sym bols pertaining to molecules A and B, while the quantity between large curly braces is a 9j symbol [90] . The algebraic
where 
are the irreducible com ponents of the ® rst and second frequency-dependent hyperpolarizability tensors obtained by successive Clebsch± G ordan coupling in the order indicated by the parentheses in the superscripts. Their reducible counterparts are, for instance, given in [70] . The
The m ultipole expansio n of the interaction-induced dipole mom ent
By applying equations (29) and (30) to the asym ptotic expressions for E (k) pol , equations (25)± (27) , one can show that the contribution from the kth-order
, can be written in term s of the complete orthogonal set of angular functions given in equation (23) and labelled by
The radial expansion coe cients d (k) pol,
² K´k (R) in equation (33) can be written exclusively in terms of m ultipole mom ents and (hyper)polarizabilities. In particular, the radial part of the electrostatic contribution to D l m in the multipole approximation can be written as
where the quantity between curly braces is a 6j symbol [90] . W e see that the ® rst-order 
is due to the polarization of A by the electric ® eld created by the permanent multipole m oments on B, and vice versa.
If we denote the set of indices
, l ! B´b y ² l´, the radial com ponents of the induction contributions to the interaction-induced dipole in the m ultipole approxim ation can be written as
where the ® rst quantity between curly braces denotes a 12j symbol of the ® rst kind [91] . This can be written as a single sum of products of four 6j symbols, see appendix A.
is caused by two diOE erent m echanism s. In the ® rst mechanism a permanent mom ent on A induces a moment on B, which in turn induces a dipole on A (and vice versa). In the second mechanism, system A is polarized by two electric ® elds created by two permanent moments on B, and vice versa. This nonlinear eOE ect requires a non-vanishing ® rst hyperpolarizability on A (and B).
The dispersion contribution to the interaction induced dipole is
are given by equation (28) . Equations (34) 
is non-zero. Thus we have for H # ± He :
By substituting conditions (37) into equation (23), one ® nds that the angular function A(
where r# is a unit vector along the axis of the diatom. Further simpli® cation of equation (38) is obtained by assuming that R # lies along the z axis. U sing C L M
The radial electrostatic function is given by
where a !¯® o " $ a ( " " ) ! (0) denotes the static polarizability of the atom. The induction term can be written as
where in the ® rst term l A is odd and both k A 
where in the ® rst term l A 
The multipole expansion of the interaction-induced polarizabilities
The contribution from the kth-order polarization term E (k) pol
, can be written in terms of the orthogonal set of angular functions labelled
, L´, k , l, and m, cf. equation (23),
where l¯0, 2. Sim ilarly as in the case of the dipole m oments, the ® nal form ulas for the interaction-induced polarizabilities can be expressed solely in terms of multipole m oments and (hyper)polarizabilities. For instance, the electrostatic contribution to
in the m ultipole approximation can be written as
The multipole-expanded form ula for the induction contribution to the interactioninduced polarizabilities is more involved, and can be conveniently expressed as,
with the algebraic coe cients n given by,
n III¯(
where the symbol between curly braces occurring in equation (47) and (49) denotes a 15j symbol of the third kind (see appendix A for its de® nition). Finally, the m ultipoleexpanded form ula for the dispersion contribution to the interaction induced polarizabilities can be expressed as
where n I is given by equation (46) and n V is de® ned as,
If A and B are identical atoms in the same S state, the multipole expressions reported above are simpli® ed drastically, since in this particular case we have
Taking further the z axis along R, so that the angular function A ! l ² ! , ! , ! , ! ,l´m¯d m ! , we ® nd that the electrostatic functions are given by the following expressions, cf. also equations (43) and (44),
In som e applications it is more convenient to use the trace polarizability a 3 (D a zz 2D a xx )} 3 and the anisotropy D a zz ® D a xx . These are related to the components
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Equation (53) shows that the electrostatic contribution to the interaction-induced polarizability of two identical atoms is traceless in the multipole approximation. This relation generally holds for any com plex consisting of two atom s in S states. The induction term can be written as,
where a l
« -pole polarizability of the atom. The dispersion term reads :
Com putational details
The collision-induced dipole of He± H # and the collision-induced dipole polarizability of He # were computed from SAPT interaction energies. Calculations on H e± H # were perform ed for several intermolecular distances R and angles " , where R is the vector pointing from the centre of mass of H # to the He nucleus, and " is the angle between the vectors r, pointing from one hydrogen atom to the other, and R.
Com putations on He # were performed for several interatomic distances R.
For the He atom in He± H # we used a [5s4p3d2f ] basis. The s orbitals were represented by the (61111 ) contraction of Van Duijneveldt' s 10s set [92] , and the exponents of the polarization functions were taken from Gutowski et al. [93] . For H # we used a [4s3p2d1f ] basis, where we took the s and p functions from H obza et al. [94] , and the d and f functions from basis D of W illiam s et al. [75] . For the helium atom in H e # we used a larger [7s5p4d3f2g] basis. The s orbitals were again represented by the 10s set of [92] , now contracted to (41111 11) and the exponents of the polarization functions were taken from [93] . To check the convergence of the SAPT expansion by comparison with full CI (FCI) results, we performed additional calculations in sm aller basis sets. For the He atom in He± H # we used a [5s3p1d] basis, where the s functions are the same as in the larger basis and the polarization functions were again taken from [93] . (The 3p set was represented by the optimal even-tempered basis.) For H # we used a [3s1p ; 3s2p1d] basis, including bond functions at the centre of the m olecule. The s and p functions were taken from M eyer et al. [14] , while we assigned the value 0± 3 to the exponent of the d functions, as suggested in [94] . For the FCI computations on He # we used a [5s3p2d] basis, where the s and p functions are the same as in He± H # and the d functions were taken from [93] . The spherical form of the polarization functions has been used (5 d functions and 7 f functions). In order to account fully for the chargeoverlap eOE ects all calculations have been performed using the full dimer basis set.
All calculations of interaction energies have been performed with the SAPT system of codes [95] . In addition, FCI results have been obtained from the program by Zarrabian et al. [96] . W e used the Boys± Bernardi counterpoise correction to eliminate the basis set superposition error from the supermolecular Hartree± Fock and FCI calculations [97] . 
where the index i¯z or x denotes the direction along the intermolecular axis R, or perpendicular to this axis, respectively. Note that for He # only the diagonal components of the collision-induced polarizability tensor are non-zero. W e used ® eld strengths equal to 0± 001 au in the calculations of the interaction-induced polar- (40) and (54) were calculated including intramolecular correlation up to and including third order. Zero-order multipole moments and polarizabilities were computed at the Hartree± Fock and coupled H artree± Fock (CH F) levels of theory, respectively. The true correlation contributions to the mom ents and polarizabilities were calculated with the inclusion of coupled Hartree± Fock type response of the orbitals. The long-range induction coe cients of equations (41) and (56) were calculated up to and including second order of true correlation. The zero-order multipole moments and (hyper)polarizabilities were computed at the Hartree± Fock and CH F levels, respectively. The second-order true correlation contributions to the moments and polarizabilities were obtained from the POLCOR package [71, 72] and the hyperpolarizabilities were obtained by diOE erentiating the corresponding polarizabilities. Finally, the long-range dispersion coe cients of equations (42) and (57) were computed from dynam ic (hyper)polarizabilities with both true and apparent correlation incorporated up to and including second order [76] . The correlation contributions to the polarizabilities were obtained from PO LC OR and the hyperpolarizabilities by diOE erentiation. The long-range induction and dispersion coe cients were calculated without the inclusion of coupled Hartree± Fock type response of the orbitals.
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In the calculation of the hyperpolarizabilities by a ® nite ® eld approach we used the following equations, which hold for S state atoms,
See equations (56) and (57) and appendix B for the expressions used in the case of He # and equations (40) 
The Casimir± Polder integrals occurring in equations (42) and (57) were com puted on a 10 point grid as described in [98] .
Num erical illustration

Interaction-induced dipole mom ent of He± H #
As discussed in section 2, the symm etry-adapted perturbation theory in low orders provides the basis for understanding the m echanism s that yield the interactioninduced properties. However, the convergence of the SA PT expansion with respect to both the interm olecular interaction and the intramolecular electronic correlation must be fast enough to enable practical applications of ansatz (11) in the calculations of the collision-induced properties. Table 1 at all angles. This suggests that the`Hartree± Fock plus dispersion ' m odel possibly could be applied in practice, provided that the dispersion contribution is not approximated by its m ultipole expansion (cf. the discussion below). These ® ndings are in agreem ent with the superm olecule results of M eyer and Frommhold [16] from localized coupled electron pair approximation calculations. 
. The numbers in parentheses represent the intramonomer correlation contributions. The HÐ H distance is ® xed at 1± 449 a ! . All results were computed in the [5s4p3d2f} 4s3p2d1f] basis.
0± 0178 ( 0± 0003) 0± 0185 ( 0± 0003) 0± 0144 ( 0± 0002)
0± 0094 (® 0± 0001) 0± 0094 (® 0± 0001) 0± 0069 (® 0± 0000) , open
and ® lled circles to the sum value (dashed line). 
, i¯z or x, as computed by SA PT and from the multipole expansion at the interm olecular distance of 5 a ! . The region around 5 a ! dominates the infrared absorption, (see, e.g., [10] ). In ® gures 7 and charge-overlap contributions. Consequently, these contributions cannot be represented by introducing dam ping functions into the multipole-expanded expressions.
The situation is somewhat diOE erent for the perpendicular component D l x (® gure 6).
is again predicted correctly by the m ultipole approxim ation. Also, the actual values of the electrostatic and induction contributions are rather well reproduced (within C 10 % or better), while the dispersion term is again overestimated. #   In table 4 we compare the com ponents of the interaction-induced polarizability computed at the FCI level with the SAPT results in the same basis set. For all distances considered in this table, the SAPT results underestimate the values from the FCI calculations by 2 % at worst. Sim ilarly as in the case of He± H # the convergence rate of the SAPT expansion shows a weak dependence on the interatom ic distance.
Interaction-induced polarizability of He
In tables 5 and 6 we analyse the computed values of D a zz and D a xx in terms of SAPT contributions at various interatomic distances. The largest contributions to the components of the interaction-induced polarizability are given by the ® rst-order terms. Except for the smallest interatomic distance (R¯3 a ! ), the sum Table 6 . SAPT contributions (in 10Õ $ au) to the perpendicular component of the interactioninduced polarizability of He # as a function of the interatomic distance R (in a ! D a zz and D a xx only 7 % and 4 %, respectively. Finally, in tables 7 and 8 we com pare the multipole-expanded and non-expanded polarization contributions to the parallel and perpendicular com ponents of the interaction-induced polarizability of H e # . For both com ponents the multipole expansion yields results which diOE er considerable from the non-expanded data. Except for large interatom ic distances, the m ultipole expansion is seen clearly to diverge. It is interesting to note that the rate of divergence is diOE erent for the perpendicular and parallel components, as well as for various contributions. For instance, at intermediate distances near the van der W aals minimum the electrostatic contribution is rather well represented by the m ultipole approxim ation, while the induction and dispersion terms are underestimated, especially for the parallel component. Hence, we conclude that the full inclusion of the charge-overlap eOE ects is very im portant. The diOEerence between the expanded and non-expanded dispersion contribution to the parallel component at R¯10 a ! may be caused partly by numerical errors in the ® nite ® eld m ethod.
Conclusion
A symm etry-adapted perturbation theory has been formulated for the calculation of the interaction-induced electrical properties of weakly bound com plexes, and general asym ptotic expressions have been derived for the ® rst-and second-order contributions to the collision-induced dipole moments and polarizabilities in term s of the multipole moments and (hyper)polarizabilities of the isolated m onomers.
N umerical results for m odel four-electron systems (H e± H # and H e # ) reported in the present paper suggest that the SAPT method could be used routinely in the calculation of the collision-induced properties. The major features of the SAPT approach m ay be summarized as follows.
(1) The interaction-induced properties are computed directly as a sum of well de® ned physical contributions, which have a clear, partly classical, partly quantum, physical interpretation. (2) Since the interaction-induced properties are obtained directly (not as a diOE erence of large num bers), they are free from basis set superposition errors. (3) The m ultipole expansion is not em ployed, so all charge penetration (dam ping) eOE ects are included autom atically. (4) The m ultipole expansion has its use, however, in oOEering asymptotic constraints to the ® ts of the SAPT contributions to the interaction-induced dipole mom ents and polarizabilities. This is because the long-range contribution can be computed separately in terms of m onomer properties (m ultipole mom ents and (hyper)polarizabilities), which in turn can be calculated in the sam e basis and at the same level of approximation as used in the SAPT approach. (5) The convergence of the SAPT expansion for the interaction-induced dipole m oment and polarizability appears to be satisfactory, at least for model fourelectron system s like He± H # and He # .
Of course, the ® nal judgement of the accuracy of the com puted collision-induced dipole moments and polarizabilities is by com parison with experim ent. In [23 and 101] we report the collision-induced Ram an spectra and second dielectric virial coe cients for the He diatom com puted using the interaction-induced polarizability tensor from SA PT calculations. A sim ilar study of the collision-induced infrared spectrum of H e± H # is in progress in our group. 
Append ix A 12j and 15j-sym bols
For the convenience of the reader, we give the 12j symbol of the ® rst kind occurring in equation (35) , expressed as a single sum of products of four 6j sym bols [91] ,
A sim ilar expression holds for the 12j sym bol of the ® rst kind in equation (48) . Note that in this paper only integer quantum numbers appear. W e simpli® ed the phases accordingly. Analogously, the 15j sym bol of the third kind appearing in equation (47) can be written as a single sum of products of one 6j and two 9j sym bols [91] , The other 15j symbol of the third kind appearing in this paper (equation (49)) can be expressed similarly.
Appendix B
Special formulas for H e #
Below we list the m ultipolar dispersion contributions to the collision induced polarizabilities of two identical S state atoms. W e write
and
cf. equations (57) and (55 
